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A number of turbulence closure schemes can be employed to numerically investigate near-bed wave
boundary layer and sediment transport problems. We present an extension of the widely used kx tur-
bulence model to two-phase sediment transport modelling. In this model, a transport equation is solved
for the turbulence speciﬁc dissipation ratex. For two-phase models, this equation is similar to the one for
clear ﬂuids with an additional term due to inter-phase interaction terms, which we will discuss. The new
kxmodel is then applied to wave and current sheet ﬂows. We compare the numerical results from the
kx model and from an existing k e model against sheet ﬂow experimental data collected in oscilla-
tory water tunnels. Both models provide broadly similar numerical results. Nevertheless, the kx and
k e models display different behaviour around ﬂow reversal, and neither is able to fully reproduce
observed suspension peak at ﬂow reversal.
 2014 The Author. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/).1. Introduction
Even though it impacts our environment over a wide range of
spatial and temporal scales, the transport of sediment particles lar-
gely occurs in a near-bed region only several centimetres thick.
Under intense wave and current conditions, small-scale bedforms
such as ripples are typically washed out and sediment is then
mainly transported in a thin highly concentrated layer: this regime
is called sheet ﬂow.
Under this regime, the combined dynamics of the bottom
boundary layer and sediment motions are complex and accurate
numerical predictions require adequate representations of bound-
ary layer turbulence, ﬂuid-particle interactions and particle–
particle interactions. This is one of the reasons why two-phase ﬂow
models have become widely used to investigate sediment trans-
port under the sheet ﬂow regime (e.g., [1–5]). Another important
aspect of the two-phase framework for sediment transport is its
ability to represent the coupled ﬂuid sediment system continu-
ously from within the stationary bed throughout the entire bottom
boundary layer (see for example the explanatory diagrams in
[6–8]). An important consequence is that the mostly empirical
bed boundary conditions, which are of paramount importance in
single-phase modelling, may not be required in two-phase ﬂow
models. Instead, these bed boundary conditions may actually be
evaluated and tested from two-phase numerical results [6,8].These signiﬁcant advantages have also resulted in recent develop-
ment of multidimensional two-phase sediment transport models.
In particular, two-phase modelling approaches have been imple-
mented to study sediment scour (e.g., [9–11]), non-uniform open
channel ﬂow sediment transport (e.g., [12]), and even estuarine
sediment transport (e.g., [13]).
In two-phase Euler–Euler models, mass andmomentum conser-
vation equations are established for a ﬂuid phase and a sediment
phase. Approaches similar to Reynolds-Averaged Navier Stokes
(RANS) modelling of the turbulent wave boundary layer lead to
covariance terms (analogous to the well-known Reynolds stresses)
in both the ﬂuid and sediment phases, and therefore require ﬂuid
turbulence models and closure schemes for sediment phase stres-
ses. A number of schemes of varying complexity can be imple-
mented. For ﬂuid phase turbulence, stresses can be determined
following models similar to clear ﬂuid RANS turbulence models:
they can be obtained by solving their own transport equations in
so-called Reynolds-stress models (e.g., [14]), or they can be mod-
elled following the turbulent viscosity hypothesis. Using the sec-
ond method, the eddy viscosity can in turn be calculated
algebraically (e.g., [1]), following the mixing length theory (e.g.,
[3]), using one-equation models (e.g., [15]), or using two-equation
models (e.g., [3,16]). In the last two cases, the eddy viscosity is
obtained from a velocity scale and a length scale: one-equation
models solve a transport equation (usually for the turbulent kinetic
energy) to obtain the velocity scale and the length scale is pre-
scribed algebraically; two-equation models use the solution from
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kinetic energy) to obtain the eddy viscosity. For sediment phase
stresses, approaches usually consist of either prescribing phenom-
enological relationships (e.g., [2,15]), determining stresses follow-
ing kinetic theories of granular ﬂow (e.g., [3,16]), or following
dense granular ﬂow rheology (e.g., [17]).
From a practitioner point of view, the large number of
approaches available to determine ﬂuid phase turbulent stresses
and sediment phase stresses results in the need of critical model
assessment based on both theoretical and numerical consider-
ations. The ongoing developments of two-phase modelling to mul-
tidimensional conditions may also alter the validity of some
simplifying assumptions and may thus require more complex solu-
tions for both ﬂuid and sediment phases. Even though intercom-
parisons between closures have been pursued, they have mostly
focused on open channel sheet ﬂows (e.g., [14,18]) and/or on the
closure for sediment stresses (e.g., [7,18]). Intercomparison of ﬂuid
phase turbulence closures for two-phase modelling of combined
wave and current sheet ﬂows (and of more complex ﬂows) is still
incomplete.
The situation is different for clear ﬂuid wave bottom boundary
layers. Turbulence models, in particular different two-equation
models (mostly versions of k e and kx), have indeed been
compared for oscillatory boundary layers over smooth and rough
walls (e.g., [19–24]). These results suggest that no single model
clearly outperforms all others for all relevant quantities. Neverthe-
less, the kx has been recommended for sediment transport
studies (e.g., [21]). Two features of the kx model can be consid-
ered as particularly desirable for sheet ﬂow sediment transport: its
predictive capability in terms of bed stress (e.g., [19,21,23]), and
the presence of suspended concentration peaks at ﬂow reversals
in the numerical results which qualitatively match experimental
measurements (e.g., [25]). Reproducing these concentration peaks
at ﬂow reversals is indeed a known weakness of the two-phase
k e model [26].
The present study aims to serve a dual purpose. First, we extend
the well-known kx turbulence model to two-phase ﬂow model-
ling of sediment transport. To date, only [14] have considered such
a closure for the ﬂuid phase turbulence, but they limited their
study to dilute open channel two-phase ﬂows. Here, the kx
ﬂuid-phase turbulence model is coupled to a sediment phase clo-
sure that is based on a kinetic theory of granular ﬂow and the
resulting one-dimensional vertical (1DV) model is applied to wave
and current sheet ﬂows. The second objective is to provide a criti-
cal intercomparison of the two most widely used ﬂuid turbulence
closures (k e and kx) within the context of two-phase sedi-
ment transport modelling.
We succinctly present in Section 2 the two-phase sheet ﬂow
model that we use in this study, focusing our attention on the
ﬂuid-phase turbulence closure schemes. Numerical results
obtained using k e and kx ﬂuid turbulence closures are com-
pared to experimental measurements under combined wave-
current and asymmetric waves conditions. We ﬁnally discuss two
key aspects of the models: the different behaviours around ﬂow
reversal, and the closure of the additional dissipation terms due
to the presence of sediment.2. Model description
The present modelling study is based on the 1DV sheet ﬂow
model of [3,26]. This model solves concentration-weighted aver-
aged mass and momentum conservation equations for sediment
and ﬂuid phases. Fluid phase turbulent stresses are modelled fol-
lowing the turbulent eddy viscosity hypothesis, and the turbulent
eddy viscosity mt is obtained via modiﬁed two-equation closures(e.g., k e in [3,26]) that take into account two-way interactions
between particles and turbulence. Sediment phase stresses and
ﬂuxes are calculated following a modiﬁed collisional granular ﬂow
theory. Computations are performed from within the sediment
bed, in which there is no sediment motion, throughout the bottom
boundary layer. The time-dependent location of the bed is thus
part of the model’s solution and is determined using a Coulomb
failure criterion [3]. Governing equations and details of the model
have already been presented several times (e.g., [3,10,26]), and
shall not be repeated here to the exception of the ﬂuid turbulence
closure, which is the focus of the present study. This general two-
phase model has been extensively validated for a range of sheet
ﬂow conditions using a 1DV version [3,8,26] and for a two-
dimensional application [10].
2.1. The k e model
Using the ﬂuid-phase turbulent kinetic energy kf and the ﬂuid-
phase turbulent dissipation rate ef as the two turbulence variable
on which mt depends, and following from the concentration-
weighted average, the eddy viscosity is taken to be [3,26,27]
mt ¼ Cl 1 cð Þ kf
2
ef
ð1Þ
where c is the averaged sediment concentration and Cl a constant
model parameter. In turn, both kf and ef are obtained by solving
their respective balance equations.
The transport equation for the ﬂuid turbulent kinetic energy can
be mathematically derived from the ﬂuid phase momentum
equations, and is independent of the choice of second turbulence
variable used in the model (ef or xf here). It can be summarized
as follows (e.g., [26])
_K ¼ Pshear  E Dp þ Tk ð2Þ
where _K represents the material derivative of K ¼ qf ð1 cÞkf . Pshear
is the shear production of kinetic energy, E is the dissipative term
E ¼ qf ð1 cÞef , and Tk is the sum of viscous and turbulent transport
terms and is modelled as
Tk ¼ r  mþ mtrk
 
rK
 
ð3Þ
where rk is a model parameter and m the ﬂuid kinematic viscosity.
Finally, the term Dp in Eq. (2) originates from the phase interac-
tion terms in the ﬂuid momentum equations. The exact form of
this additional term is obtained following the full derivation of
the balance equation for turbulent kinetic energy under the
two-phase framework and is modelled following [3,27]. For the
one-dimensional vertical sheet ﬂow model, it is written as
Dp ¼ 2b 1 að Þckf  b mtrc
@c
@z
~wf  ~ws  ð4Þ
where b is the drag coefﬁcient used in the parameterization of the
interface momentum transfer [3], c the averaged concentration,
~wf the averaged vertical ﬂuid phase velocity, ~ws the averaged ver-
tical sediment phase velocity, rc the Schmidt number. a is a param-
eter that relates to the correlations between ﬂuid velocity
ﬂuctuations (Dufi ) and sediment velocity ﬂuctuations (Du
s
i ) in the
way suggested by [28]
a ¼ cDufi Dusi=cDufi Dufi ð5Þ
and it is determined from relative magnitudes of particle response
time, time between collisions, and turbulence timescale [3]. It is
important to notice that the use of a concentration-weighted aver-
age results in no traditional buoyancy term, as the gravitational
term in the momentum equations disappears when Eq. (2) is
Table 1
Values for turbulence model parameters.
Model Cl Ce1;Cx1 Ce2;Cx2 Ce3;Cx3 rk re;rx
k e 0.09 1.44 1.92 1.2 1.0 1.3
kx 0.09 0.555 0.833 0.4 2.0 2.0
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mechanism that accounts for particle turbulence interactions. For
sheet ﬂows, it is generally positive, thus mainly corresponding to
extra dissipative mechanisms in the turbulence balance.
The transport equation for the ﬂuid-phase turbulent dissipation
rate can be summarized as
_E ¼ Ce1 EK Pshear  Ce2
E
K
E Ce3 EK Dp þ Te ð6Þ
where the transport term Te is modelled analogously to Eq. (3)
using re instead of rk.
2.2. The kx model
Following the turbulent viscosity hypothesis, the eddy viscosity
is taken as the product of a length scale and a velocity scale. For
two-equation models, two quantities are solved for and used to
obtain the two necessary scales. In almost all these models, the
velocity scale is based on the turbulent kinetic energy k and the
length scale l is based on the classical cascading model
(e / k3=2=l). Out of the many existing models, the so-called kx
model, recently developed by Wilcox [29] and subsequent revi-
sions) has shown excellent performance in a variety of
applications.
In our case, deﬁning the ﬂuid-phase speciﬁc dissipation rate,
which has the dimension of frequency, as xf  ef =kf , the eddy
viscosity is calculated following
mt ¼ Cl 1 cð Þ kfxf ð7Þ
We propose that the modelled balance equation for the speciﬁc
dissipation rate takes the following form
_X ¼ Cx1XK Pshear  Cx2
X
K
E Cx3XK Dp þ Tx ð8Þ
where X ¼ qf ð1 cÞxf . The ﬁrst, second, and last right-hand side
terms easily follow from the [29] model (although the model
parameters differ due to our deﬁnition of xf ). Additional terms
and/or modiﬁed parameters would arise from following more
recent kx model revisions (e.g., [30,31]). The third right-hand
side term comes from the interphase momentum transfer (Dp given
again by Eq. (4)), and we choose to model it in a manner analogous
to the extra-term in [25,32,33] for (sediment) buoyancy driven
ﬂows and [14] for two-phase dilute ﬂows. Once again, the transport
term Tx is modelled in a similar way to Eq. (3) using rx instead of
rk.
2.3. Turbulence model parameters
Whichever model is employed, it is only fully closed when all
model parameters are speciﬁed. For the k e model, we follow
[3] and specify all parameters as constants, the value for Ce3 taken
following [34]. An important aspect of the present two-phase
model is its representation of particle turbulence interactions.
Although the parameters Ce1 and Ce2 have been determined for
clear ﬂows (no sediment), the model still does take into account
some particle turbulence interactions via the additional Dp term.
Even though more advanced and more complete representations
can be implemented via varying turbulence parameters for
sediment-laden ﬂows at high-concentrations (e.g., [26]), we only
intend here to investigate simple implementations of the two
models and restrict ourselves to constant parameters, the values
of which are given in Table 1.
In a similar way than for the k emodel, values for Cx1 and Cx2
follow the clear ﬂuid values of [29]. A value for Cx3 requires further
discussion. Additional dissipative terms due to the presence ofsediment have been implemented in several coupled kx turbu-
lence and sediment transport models. In single phase models, this
additional dissipation is typically due to density effects: [25]
prescribed Cx3 ¼ 0:4; [33] prescribed Cx3 ¼ 1 for N2 ¼
gðs 1Þ@c=@z 6 0 and Cx3 ¼ 0 otherwise. A full analogy with
our model is, however, not evident since the typical buoyancy term
does not appear in Eq. (2). For two-phase dilute open-channel
ﬂows, [14] prescribed Cx3 ¼ 1:2.
An interesting and potentially useful point of view is then to
consider how the two turbulence models relate to each other. Since
almost all models are based on the classical cascading model for
turbulent dissipation, they should be physically equivalent. How-
ever, mathematical and numerical equivalence is not necessarily
ensured a priori, one reason being that additional terms may result
from the derivation of one model from another. Nevertheless,
mathematical equivalence between the k e and kx models
for the productive and dissipative terms would imply that
Cxi ¼ Cei 1 for i ¼ 1;2;3, which would then result in Cx3 ¼ 0:2 in
our situation. Even though this should not be considered as a hard
constraint in light of the practical empiricism of the turbulence
model parameters for example, it may still inform on reasonable
values. In summary, no consensus seems to exist for either single
phase or two-phase models on speciﬁc values for Cx3.
In practice, we have tested a range of values for Cx3, informed
by the values reported in existing studies. Values from Cx3 ¼ 0
(corresponding to no extra dissipation and no particle turbulence
interaction) to Cx3 ¼ 1:5 have been tested at intervals of 0.1. Stable
computations have only been obtained for a single value Cx3 ¼ 0:4,
which is therefore chosen. Stability issues for the kx turbulence
model have also been reported by [33]. The speciﬁc Cx3 value
implies that mathematical equivalence between the k e and
kx models is not assured for the extra-dissipation terms, even
though it is much closer to be satisﬁed than when using the value
from [14]. It has to be noted that exact mathematical equivalence
is also not enforced for shear production and dissipation.2.4. Numerical implementation
For sheet ﬂows, the numerical implementation is simpliﬁed by
assuming uniformity in the horizontal direction and only consider-
ing variations in the vertical direction. This leads to the one-
dimensional (vertical) model previously mentioned. While such
an assumption may neglect signiﬁcant terms for sheet ﬂows under
real waves, the model is only applied here to reproduce data
obtained in oscillatory water tunnels, in which the generated
oscillatory ﬂows are indeed uniform in the horizontal direction.
Combined with the ﬂat bed characteristic of sheet ﬂows, this sup-
ports the simpliﬁcation and reduction to a one-dimensional
problem.
The two-phase equations are solved using a ﬁnite difference
scheme on a staggered grid with variable vertical size. The numer-
ical model employs the time-stepping scheme described in [3],
which is based on a predictor–corrector scheme for the sediment
phase equations, a two-step projection method for the ﬂuid phase
mass and momentum equations, and ﬁnally updating ﬂuid phase
turbulence. A dynamic time step is used and is based on several
stability criteria as described in [3]. Advective terms are discretized
using a combination of second-order central difference and ﬁrst-
order upwind methods, while other terms use the second-order
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model is its ability to appropriately reproduce the large near-bed
gradients, which has been proven via a number of comparisons
against experimental data [3,8,26,35]. In this study, the minimum
vertical grid size is 0.3 mm in the near-bed region. Finer grids (up
to a minimum value of 0.1 mm) were tested but did not result in
signiﬁcant differences in the numerical results, in particular with
respect to the resolution of the near-bed gradients.
The top boundary condition is taken as a rigid lid [3]. The bot-
tom boundary condition is always located within the stationary
sediment bed, where the volumetric concentration is ﬁxed at the
random close packing value (c ¼ 0:635) and velocities are zero.
Simulations start from a no ﬂow state, but an artiﬁcial initial con-
dition is implemented for the vertical concentration proﬁle since
the model is unable to fully reproduce initiation of sediment
motion [3].
The ﬂow is driven by a time-dependent horizontal pressure
gradient which is prescribed as the acceleration of the free stream
velocity [3] in order to reproduce the observed oscillatory ﬂows.
In this study, the following free-stream velocities can be
obtained:
U0ðtÞ ¼ Uc þ U1 cos 2ptT þ U2 cos
4pt
T
ð9Þ
with Uc being a current velocity, U1 and U0 amplitudes of the ﬁrst
and second harmonics of oscillatory ﬂows, and T the oscillatory ﬂow
period. In practice, Uc;U1, and U2 are tuned so that numerical and
experimental free stream velocities match.
3. Numerical results: model intercomparison
Both versions of the two-phase ﬂowmodel described in the pre-
vious section have been applied to reproduce several well-known
experimental cases under the sheet ﬂow regime. These experi-
ments were conducted in piston-driven oscillatory ﬂow tunnels,
in which sheet ﬂow conditions can be obtained for a wide range
of ﬂows and sediments. Intercomparison between the models is
undertaken against cases E2 and I1 of [36] and cases MA7515
and CA7515 of [37,38]. We use to that end time-dependent sedi-
ment concentration data in the sheet layer, which have been mea-
sured by conductivity concentration meters (CCM). Sediment
concentrations above the sheet layer in [36] were measured by
an optical concentration meter and a suction system. For the
experimental cases of [37,38], we also use the time-dependent
ﬂow proﬁles measured by ultrasonic velocity proﬁlers for model-
experiment comparisons. The conditions for all four experimental
cases are summarized in Table 2. The median diameters for the
conditions from [37,38] are taken as the sieve values. In all cases,
the particle density is taken to be 2650 kg m-3.
3.1. Sheet ﬂow under combined wave and current conditions
Comparisons between numerical results and experimental data
are presented in Figs. 1 and 2 for the two wave-current conditions
of [36]. These comparisons focus on the wave-averaged vertical
concentration proﬁle (panel (a) in both ﬁgures) and the intrawaveTable 2
Summary of experimental data used for the sheet ﬂow model-data comparisons. The
free stream velocity is deﬁned following Eq. (9).
Case name Source D50 (lm) T (s) Uc (m/s) U1 (m/s) U2 (m/s)
E2 (WC021) [36] 210 7.2 0.23 1.47 0.0
I1 (WC032) [36] 320 7.2 0.26 1.47 0.0
MA7515 [37,38] 270 7.5 0.0 1.19 0.31
CA7515 [37,38] 460 7.5 0.0 1.19 0.31time-varying concentrations at three ﬁxed elevations (panels
(c)–(e) in both ﬁgures), which are not identical for both cases.
The free-stream velocity is also plotted in panel (b) to guarantee
that the overall wave-current forcing is well reproduced and to
provide an indication of the phase of concentration peaks.
There is overall little difference between the two ﬂuid-phase
turbulence closures in terms of the wave-averaged concentrations
proﬁles. Only for the coarser grains (Fig. 1) does the k e model
perform slightly better. Differences between the two models are
more pronounced in the concentration time histories at speciﬁc
elevations. In general, the k e model results in slightly stronger
intrawave suspension: i.e., larger concentrations above the undis-
turbed bed and lower concentrations under the undisturbed bed,
and thus a slightly better agreement to the experimental data.
The other important difference between the two models occurs
close to ﬂow reversals, when the kx model produces a distinct
peak in concentration, which is also present in the experimental
data in Fig. 2. Such behaviour will be investigated and discussed
in more details in Section 4.1. It also has to be noted that the dif-
ferences that can be observed between the two models remain
smaller than those induced by changes to the model parameters
as in [26]. This suggests that the choice of two-equation closure
scheme (i.e., k e; kx, or others) may be less important than
details on the different terms in the two turbulence transport
equations.3.2. Sheet ﬂow under asymmetric waves
3.2.1. Flow velocity
Comparisons for the ﬂow velocity are presented for cases
MA7515 and CA7515 in Figs. 3 and 4. The experimental data
plotted in both ﬁgures result from the ultrasonic velocity proﬁler
measurements of [38]. It is important to note that the instru-
ment was not able to measure the velocity down to the time
varying stationary bed level. Instead a linear proﬁle, which is
easily identiﬁable in both ﬁgures, was assumed very close to
the bed [38].
In both cases, the numerical model is driven in order to obtain
good match between measured and modelled velocities at
z ¼ 0:045 m above the undisturbed bed level. This comparison is
plotted in panel (a) of Figs. 3 and 4. A good match is indeed
obtained but some discrepancies can be distinguished during the
decelerating ‘‘onshore’’ ﬂow (i.e., 0:25 < t=T < 0:45). We found
that this discrepancy is mostly due to the actual measured velocity
not exactly following a second-order Stokes wave, and thus not
being reproduced by an expression following Eq. (9).
Velocity proﬁles are compared at four instants within a wave
period: the Negative to Positive Flow Reversal (NPFR), the Maxi-
mum Positive Flow (MPF), the Positive to Negative Flow Reversal
(PNFR), and the Maximum Negative Flow (MNF). At ﬂow maxima,
the very near bed velocity gradient is overestimated by both mod-
els, and the overshoot measured at MNF is not reproduced by
either model. At NPFR, the near-bed velocity gradient is again over-
estimated by both models and the velocity is overpredicted for the
entire proﬁle. At PNFR, the measured negative ﬂow is underpre-
dicted by both models.
Even though the asymmetric wave ﬂow is intended to be iden-
tical for both cases, the velocity proﬁles in the boundary layer exhi-
bit slightly lower velocities for the coarser sand. Such a behaviour
is consistent with changes in drag-induced momentum transfer
due to the different particle size. Nevertheless, differences between
the two turbulence closure schemes remain similar for both cases
(MA7515 and CA7515). They are again largest around ﬂow rever-
sals. At both ﬂow maxima, the k e model results in very slightly
lower velocities and velocity gradients. For both ﬂow reversals, the
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3.2.2. Sediment concentration in the sheet layer
Comparisons for sediment concentration are presented in
Figs. 5 and 6 for cases MA7515 and CA7515 at the same four
instants as in Figs. 3 and 4. The agreement between numerical
results and experimental data is reasonable in most cases giventhe scattering of measured concentrations, except at maximum
positive ﬂow for case MA7515 when sediment erosion is very
clearly underpredicted by both models. Such underprediction
was found to be signiﬁcantly improved by modifying the k e
turbulence closure parameters in [26]. This enhancement is again
larger than the discrepancies between the two models used here,
and we believe that similar improvement could be reproduced in
the future using the kx model. The differences between the
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L.O. Amoudry / Advances in Water Resources 72 (2014) 110–121 115two models are still largest near ﬂow reversal, but a clear superi-
ority of one on the other remains difﬁcult because of the scatter-
ing observed in the measurements. It has to be noted that the
very good agreement at ﬂow reversal for case CA7515 is some-
what fortuitous, and there is indeed an important difference
between the two models just before the ﬂow reversal as shown
in Fig. 8.4. Discussion
4.1. Model behaviour around ﬂow reversal
We have seen in all numerical results that the largest differ-
ences between the k e and kx models consistently occur near
ﬂow reversals. A common shortcoming of the two-phase k e
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116 L.O. Amoudry / Advances in Water Resources 72 (2014) 110–121models has been its inability to reproduce the large concentration
peaks that can happen near ﬂow reversals (e.g., [26,39]). In com-
parison, single phase kxmodels [25] and the present two-phase
kx model (Figs. 1 and 2) do produce such peaks of suspended
sediment concentration near ﬂow reversal. Could this be a clear
superiority of the kx model?To investigate this issue further, we present the phase-averaged
sediment concentration in the sheet layer obtained from experi-
ments and each model for cases MA7515 and CA7515 in Figs. 7
and 8 respectively. The peaks of suspended sediment concentra-
tion near ﬂow reversal are easily distinguishable in the kx
model results (panel (d)). However, these peaks are also very
Fig. 7. Sediment concentration in the sheet layer for case MA7515. (a) Free-stream velocity (at z ¼ 0:045 m); (b) Concentration measured by CCM; (c) Concentration
calculated by k e model; (d) Concentration calculated by kx model.
Fig. 8. Sediment concentration in the sheet layer for case CA7515. (a) Free-stream velocity (at z ¼ 0:045 m); (b) Concentration measured by CCM; (c) Concentration
calculated by k e model; (d) Concentration calculated by kx model.
L.O. Amoudry / Advances in Water Resources 72 (2014) 110–121 117clearly correlated in time with a brief erosion of the bed (see red
contours in both ﬁgures). The explanation for this combined
behaviour lies in the fundamental sediment mass balance used in
the model. In the present one-dimensional vertical (1DV) model,
the overall mass is conserved in the numerical domain, which goes
from within the sediment throughout the boundary layer. A peak
in suspended sediment would therefore necessarily be associated
with a temporary erosion of the bed. As mentioned previously, this
behaviour near ﬂow reversal is not observed in the numerical
results from the k e model, for which both features are absent.
These disparities between the two models around ﬂow rever-
sals have been related to the differences in the singularity of the
eddy viscosity when turbulent variables (k; e;x) approach zero
(e.g., [25]). This is conﬁrmed in Fig. 9 where signiﬁcant differences
in near-bed eddy viscosity are found around ﬂow reversal, in phasewith the concentration peaks. In comparison, the time-dependent
behaviour of both k e and kx models is broadly similar for
the near-bed turbulent kinetic energy (Fig. 10).
Concentration peaks at ﬂow reversal are now a well-know fea-
ture in wave-current sheet ﬂows and are signiﬁcantly more impor-
tant for ﬁner grains [40]. The experimental data of [36,37] for ﬁne
sand (respectively D50 ¼ 130 lm and D50 ¼ 150 lm) do not exhibit
the complete combined behaviour of the kxmodel (Figs. 11 and
12). In both experiments, peaks in suspended concentration were
indeed measured around ﬂow reversal, but a corresponding ero-
sion peak does not seem to occur. In Fig. 11, suspended concentra-
tion peaks are evident shortly before t=T ¼ 0:5 in the time histories
for z > 0, but no drop in concentration, which would be the mani-
festation of sudden erosion, is observed in the time histories for
z < 0. In Fig. 12, a peak in suspended concentration is also clear
Fig. 9. Near-bed eddy viscosity (case MA7515). (a) Free-stream velocity (at z ¼ 0:045 m); (b) Non-dimensional eddy viscosity (mt=m) calculated by k e model; (c) Non-
dimensional eddy viscosity (mt=m) calculated by kx model. In panels (b) and (c), the grey contours represent concentrations contour at values of 0.5, 0.05, 0.005.
Fig. 10. Near-bed turbulent kinetic energy, TKE (case MA7515). (a) Free-stream velocity (at z ¼ 0:045 m); (b) TKE calculated by k e model; (c) TKE calculated by kx
model. In panels (b) and (c), the grey contours represent concentrations contour at values of 0.5, 0.05, 0.005.
118 L.O. Amoudry / Advances in Water Resources 72 (2014) 110–121around t=T ¼ 0:4, but no bed erosion can be distinguished at the
same time.
Independent of the ﬂuid phase turbulence closure employed,
the 1DV two-phase model does not seem able to fully reproduce
the measured patterns for ﬁne sand (both the k e model and
the kxmodel have been tested but profoundly fail, albeit for dif-
ferent reasons). One of the two incorrect behaviours shown in
Fig. 7 is obtained: either suspended concentration peaks are absent
altogether (k emodel), or the bed is subject to a sudden and tem-
porary erosion (kx model). It is important to note here that the
model presented by [25] is a single phase model: it therefore does
not resolve the combined ﬂuid sediment system from within the
stationary bed, and it is incapable to produce the temporary
erosion seen in this study.Suspension peaks near wave ﬂow reversal have been shown to
result from sediment convection due to turbulent vortices (e.g.,
[41,42]). The inability of the present two-phase model to accu-
rately reproduce such process should therefore not be surprising,
and probably results from using the gradient diffusion hypothesis
to model the velocity-concentration Reynolds correlations. The fact
that suspension peaks are not associated with strong erosion epi-
sodes in the experimental measurements also suggests that apply-
ing sediment mass conservation within the one-dimensional
vertical framework may not be appropriate. Whether multidimen-
sional models would perform better remains untested, but such
approach would probably still require some level of parameteriza-
tion of the vortical and convective processes occurring at ﬂow
reversal.
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Fig. 11. Time histories of sediment concentration for case H6 of [36] (similar wave and current ﬂow as cases E2 and I1 in Table 2 but D50 ¼ 130 lm). Top: free stream velocity.
Bottom: volumetric sediment concentration at z ¼ 3 mm, z ¼ 2 mm, z ¼ 0 mm, z ¼ 4 mm, z ¼ 14 mm with the origin at the undisturbed bed level. Note that
concentrations decrease with increasing z value.
Fig. 12. Time history of sediment concentration in the sheet layer for case FA7515 of [37] (same ﬂow as CA7515 and MA7515 but D50 ¼ 150 lm). Top: free stream velocity.
Bottom: volumetric sediment concentration in the sheet layer.
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We mentioned in Section 2.3 that the speciﬁc k e and kx
models that we have used so far are not exactly mathematically
equivalent. Previous studies have shown that the two-phase ﬂow
model is quite sensitive to modiﬁcations of the parameters used
in the e transport equation [26]. Closed forms of the turbulence
equations require several modelling assumptions. This is particu-
larly important for the extra-dissipation term Dp, in which the term
cDufi Du
f
i  Dusi
 
appears and needs to be modelled in some way.
In comparison, the other terms in the turbulence transport equa-
tions are relatively straightforward.We compare in Fig. 13 the numerical results obtained using the
k e and kx model with the parameters from Table 1 with
results obtained using the k emodel with Ce3 ¼ 1:4. This provides
(i) a comparison between the two models assuming mathematical
equivalence between the e equation and the x equation for the
extra-dissipation term; (ii) a simple sensitivity test of the two-
phase model to the closure of Dp. We choose to change Ce3 as
changes in Cx3 would result in unstable numerical results.
Very signiﬁcant changes are induced by the change in Ce3 value.
Signiﬁcantly more sediment is eroded, in particular the maximum
erosion depth at maximum positive ﬂow (see panel (g)) is much
better predicted. Qualitatively, this is intuitively consistent with
the increase in Ce3, which increases the dissipative term in the e
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Fig. 13. Vertical proﬁles for ﬂow velocity (b)–(e) and sediment concentration (f)–(i). Numerical results are plotted in the coloured lines and the experimental data in black
circles: the models used are k e with Ce3 ¼ 1:2 (solid blue), k e with Ce3 ¼ 1:4 (dashed blue) and kx (red). The free-stream velocity is plotted at z ¼ 0:045 m (panel (a)).
Vertical proﬁles are plotted for Negative to Positive Flow Reversal at t=T ¼ 0 in panels (b) and (f); for Maximum Positive Flow at t=T  0:22 in panels (c) and (g); for Positive to
Negative Flow Reversal at t=T  0:45 in panels (d) and (h); and for Maximum Negative Flow at t=T  0:72 in panels (e) and (i). (For interpretation of the references to colour in
this ﬁgure caption, the reader is referred to the web version of this article.)
120 L.O. Amoudry / Advances in Water Resources 72 (2014) 110–121equation, thus reduces dissipation and increases turbulence inten-
sity. Model-experiment agreement at ﬂow reversals for the con-
centration is not necessarily better, but this may partly due to
the signiﬁcant scatter in experimental data. The erosion depth at
MNF is overpredicted. The ﬂow velocities are also signiﬁcantly
affected by increasing Ce3: very near-bed (zK0) velocities are lar-
ger, while velocities at higher elevations are smaller.
These results conﬁrm the sensitivity of the ﬂuid-phase turbu-
lence on the speciﬁcation of the model parameters, in this case
the choice of Ce3. Extreme sensitivity to Cx3 has also been
observed (see Section 2.3). This suggests that the full closure of
the extra-dissipation term is critical towards good model predic-
tions. Only a unique simple change to the value of Ce3 is shown
here. However, the full closure of Dp contains other uncertain
terms and assumptions: the expression given for Dp follows a der-
ivation for a dilute ﬂow [27], and a needs to be speciﬁed. In fact,
[35] has obtained signiﬁcantly improved results when considering
different expressions for a. This should also be interpreted as
another example of the importance of adequate representation
of particle turbulence interactions, which are included in the
present model via Dp.
These results also provide some insight on the fundamental dif-
ferences between the k e and the kx models. Physically, the
two models are based on the same cascading relationship for tur-
bulence dissipation and should therefore be equivalent. However,
this may not be the case mathematically and numerically. We
already discussed the implication that mathematical equivalence
has on the model parameters (Section 2.3). The results presented
in Fig. 13 suggest that signiﬁcant discrepancies are induced even
when the model parameters are chosen to ensure (near) mathe-
matical equivalence. The other main source of such discrepancies
is the closure of diffusive transport terms (Tk; Te, and Tx). Complete
mathematical equivalence between the e and the x equations (i)
implies a relationship between these three transport terms, which
is typically not satisﬁed near the bed [43], and (ii) requiresidentical values for rk. It has to be noted that, given the k emodel
equations, the implied model equation for x should include addi-
tional terms (e.g., [44]), some of which have been incorporated in
more recent versions of the kx model. In particular, a rx  rk
term is added in the x transport equation. Such additional terms
may reduce the discrepancies between the two models.5. Conclusion
We have extended the well-known kx turbulence closure to
two-phase sediment transport models. The resulting numerical
model has been applied to wave and current sheet ﬂow conditions.
Even though the numerical results obtained indicate that the two-
phase k  model still performs slightly better, the differences
induced by the change of model are generally not as signiﬁcant
as those introduced by different treatments of the additional clo-
sures necessary in two-phase models for highly-concentrated sed-
iment transport. As such, turbulence models based on kx
closures should be considered as appropriate for two-phase sedi-
ment transport modelling. A more thorough analysis of the impact
of the full closure of the extra-dissipation term due to phase inter-
action (not only the value for Cx3) on the overall numerical results
would be important towards future implementation and use of the
kxmodel. Modiﬁcations to the dissipative term were previously
found to signiﬁcantly improve the two-phase k model [26] and
it is possible that similar improvements could be obtained follow-
ing modiﬁcations to Cx2 for the kx model.
In wave and current sheet ﬂows, the k  and kx models
both profoundly fail to reproduce observed suspension behaviour
at ﬂow reversals, albeit for different reasons. The results of [25] fol-
lowing which sediment suspension at ﬂow reversal was qualita-
tively reproduced are only partially conﬁrmed: suspension peaks
are indeed reproduced by the kxmodel, but they are associated
with erroneous peaks in bed erosion.
L.O. Amoudry / Advances in Water Resources 72 (2014) 110–121 121In spite of what may be considered as limited success in terms
of model improvement, this study has described and discussed a
methodology that could be applied to other two-equation turbu-
lence models. It has to be noted that the speciﬁc average technique
that is employed in the present model (concentration weighted
average) has far reaching implications for the ﬂuid-phase turbu-
lence closure as the buoyancy term disappears. The overall closure
introduced would be signiﬁcantly different if not using a
concentration-weighted average. In this case, the turbulence
balance equations would include terms for shear production, dissi-
pation, transport, buoyancy production, and extra-dissipation due
to the phase interaction. In turn, this would mean four model
parameters for the second transport equation (e;x, or other).Acknowledgements
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